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Solutions — TD N°02 : Conductors in Static Equilibrium

Exercise 1 — Spherical Capacitor

Given: R=1cm=0.01 m, R1 =3cm=0.03m, R2 =5cm=0.05m,EMF=24V, k= 1/(4TI£O) = 9x10°
2,2
N-m“/C

Question 1 — Charge distribution on the inner sphere

The inner sphere is a solid metal conductor connected to a positive DC supply. In electrostatic equilibrium,
all free charges reside on the outer surface of the inner sphere (at r = R). There are no free charges
inside a conductor. The charge is uniformly distributed over the spherical surface (by symmetry).

Question 2 — Charge inside the inner sphere (r <R)

Inside a conductor in electrostatic equilibrium the electric field is zero. By Gauss's law, the enclosed free
charge must also be zero:

q nsi de =0
Question 3 — Charge on the inner sphere surface (r = R)

The inner sphere forms a spherical capacitor with the inner surface of the shell. The capacitance of a
spherical capacitor is:

C=dm, - (R - Rl) / (Rl—R)
Numerical application:

C=(0.01 x 0.03) / [9x10° x (0.03 - 0.01)] = (3x10™%) / (1.8x10%

C = 1.6667 pF = 1.667 pF
Q=Cx V= 1.6667x10"12 x 24 = 0.0400 nC

Q (on inner sphere surface at r = R) = +0.0400 nC = 40.00 pC

Question 4 — Charge on the inner surface of the shell (r = Rl)

By Gauss's law applied to a Gaussian surface drawn inside the conducting shell (R1 <r< R2): the electric
field is zero there, so the total enclosed charge is zero. Therefore the inner surface of the shell must carry
a charge equal and opposite to that of the inner sphere:

Q —Q =-0.0400 nC

inner shell =
Question 5 — Charge on the outer surface of the shell (r = R2)

The outer shell was initially neutral (total charge = 0). The inner surface acquired —Q, so by conservation of
charge the outer surface must carry +Q:

Q = +Q = +0.0400 nC

Note: The outer conductor is NOT grounded in this problem, so charge can appear on its outer surface.

outer shell

Question 6 — Surface charge densities



The surface charge densityisc=Q/ (4Tl]‘2).

Inner sphere R=1cm +0.0400 nC 0.0318 uC/m?
Inner surface shell Rm =3 cm —0.0400 nC -0.0035 puC/m2
Outer surface shell Rm =5cm +0.0400 nC 0.0013 pC/m2

Conclusion: The charge densities are inversely proportional to r2. The inner sphere (smallest radius)
has the highest surface charge density; the outer shell surface (largest radius) has the lowest.

Question 7 — Electric field E(r) via Gauss's Law

We apply Gauss's law: m E-dA = Qem/e0 with a spherical Gaussian surface of radius r and area 4712,

Region 1 — Inside the inner sphere (r <R)
The inner sphere is a conductor - E = 0.

E(r) =0
No field lines inside the conductor.

Region 2 — Between sphere and shell (R<r < Rl)
Enclosed charge = +Q (from the inner sphere surface).
E(r) = Q/ (4mem r2) = kQ/ r2 [radially outward]
Atr=R: E=3600.0V/mAtr=Rm: E =400.0 V/im
Region 3 — Inside the conducting shell (R1 <r< Rz)
Inside a conductor —» E = 0.
E(r) =0
No field lines inside the metal shell.
Region 4 — Outside the shell (r > Rz)
Enclosed charge = +Q — Q + Q = +Q (net charge of the system).
E(r) = kQ/ r2 [radially outward]

Same form as Region 2 but forr > Rm..

Exercise 2 — Cylindrical Capacitor

Given: = 1mm=10"° m,r,= 3 mm = 3x107° m, r, =4 mm = 4x1073 m L=10cm=0.1m,e=12V

Question 1 — Charge distribution
Inner conductor A is connected to € = 12 V and outer conductor B is grounded (V = 0).

* On the surface of inner cylinder A (r = rl): All free charges reside on the outer surface of A. Let
the total charge be +Q (positive, since A is at higher potential).

* Region r,<r<r, (inside conductor B): E = 0 inside a conductor. By Gauss's law the total
enclosed charge is zero, so the inner surface of B (at r = r2) carries —Q.

e Quter surface of B (r = r3): Conductor B is grounded, so any excess charge flows to ground. The

outer surface carries zero charge (grounding ensures Vou = Oand Q =0).

te outer



Question 2 — Electric field E(r)

By Gauss's law with a coaxial cylindrical surface of radius r and length m: E x 21rm = QenC / €~ E=A/
(2T|£0 r), where A = Q/L is the linear charge density.

r<r Inside conductor A E=0
r,<r<r Between A and B E(r).:)\/ (2rem 1) = Q/ (2rem L)
1 2 [radially outward]
r,<r<rg Inside conductor B E=0
(st Qutside (B is grounded, net E=o0
3 charge = 0)

Question 3 — Potential difference between A and inner surface of B
Integrating E(r) from rptor,:
V(irm) - V(rm) = [[rm torm] Edr = (A/ 2rem) x In(rm/rm)
Since the outer conductor B is grounded, V(rm) = 0, therefore:
V(rm) — V(rm) = ¢ =12 V (the applied enf)
AV=VA—VB=12V
Question 4 — Curves of E(r) and V(r)

The key features to sketch:

e E(r): Zero for r < r andr > r (conductors + grounded outer). For rp<r<r; E O 1/r, ranging from
E(rl) =10922.9 V/m down to E(r2) =3641.0 V/Im.

*V(r):V=g=12Vforrs< r (inside/on A). Decreases logarithmically as V(r) = (7\/2T[80) In(r2/r) for r s
rsr,. V=0forrz r (grounded B).
Question 5 — Capacitance C
From Q = C x AV and AV = ()\/2T|£0) In(rzlrl):
C=Q/ AV =2mm L/ In(rm/rm)
Numerical application:

C = 2m x 8.854x107%? x 0.1 / In(3x1073 / 1079

C = 2m x 8.854x107? x 0.1 / In(3) = 5.0638 pF
C = 5.0638 pF = 5.06 pF

Question 6 — Electrostatic energy stored
The energy stored in a capacitor is:
U=%CWV =%%x Cx g
U= %x 5.0638x10 12 x (12)?2
U = 364.5922 pJ = 364.59 pJ

This can also be verified by integrating the energy density u = 1/stE2 over the volume between the cylinders:

U=[%Yem E2 dV = (AN L/ 4mem) x In(rm/rm) [which gives the sanme result]

Question 7 — Approximate expression whenr,_ =r_+e,e<<r
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When e = r,—r, <<r,use the approximation In(1 + x) = x for x << 1:
In(rm/rm) =1In(l +e/rm) =e/rm
Therefore:

C=2mm L rm / e

Question 8 — Agreement with plane capacitor formula

For a plane (parallel-plate) capacitor of plate area A, plate separation d:

=em A/ d

pl ane
When the gap e is very small compared to ro the curved surface of the inner cylinder is approximately flat.
The relevant area is the lateral surface of the inner cylinder:
A=2ntrm L (lateral surface of inner cylinder)
Substituting A and d = e into the plane capacitor formula:
C —¢em x (2nrm L) / e =2mem L rm / e
pl ane

This is identical to the approximate cylindrical result from Question 7. O Consistent.
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