ELECTROSTATICS

Complete Solutions — Three Classical Problems

Electric Line Charge - Charged Disk - Electric Dipole

10 Finite Line Charge Field, potential, energy of a uniformly charged rod
11 Uniformly Charged Disk Axial field, potential, infinite-plane limit

12 Electric Dipole Point-dipole, field lines, dipole in external field



Exercise 10

Electric Field of a Finite Uniform Line Charge

Rod length L = 6.00 cm = 0.06 m, surface charge density A = 4 pC/m = 4x10m12 C/m, rod centred at
origin along the x-axis.

Integrating the linear charge density over the full length:

Q=fAdx=A-L

Q=\L = (4x10m12)(0.06) = 2.4x10m13 C = 0.24 pC

Consider a small element dx at position x on the rod. Its distance to P(0,y) is r = V(x2+y2). The contribution
to the field has magnitude:

dE = (1/41em) - A dx / (x2+y?2)

By symmetry, x-components of opposite elements cancel. Only the y-component survives, with projection
factor y/V(x2+y?). Integrating from —L/2 to +L/2 using [ dx/(x2+y2)(3/2) = x | [y2V(x2+y?)]:

E(y)=(\/4mem) - L /[y -V(y2+ (L/2)?)] m

Using dV = (1/41em)(\ dx / V(x2+y?)) and the given integral formula:

V(y) = (MATEm) [In(x + V(x2+y?)] from x=-L/2 to x=+L/2

V(y) = (\WATem) - In[ (L/2 + V((L/2)2+y?2)) | (-L/2 + V((L/2)%+y?)) ]

Differentiating V(y) with respect to y, using d/dy [In(a+R)] = y/[R(a+R)] where a = L/2, R = V(az+y?):

dv/dy = (M4Tem) - [y/(R(a+R)) - yI(R(R-a))] = (\M4Tem) - (-2ay) / (y2R)

E(y) = -dV/dy = (\4Tem) - L /[y - V(y2+(L/2)?)] O (identical to 0)

The results of O (direct integration) and [0 (—grad V) are identical, confirming internal consistency of the
solutions. [




Fory >> L: V((L/2)2+y?) = y(1 + L#%8y?). The argument of the logarithm becomes:

num/den = (1 + L/2y)/ (1 - L/2y)=1+ Lly - In(1 + Lly) =Lly

V(y) = (\M41em) - (L/y) = (1/41em) - Qly [point-charge potential]

[ Electric Field in the Limity >> L

E(y) = —dV/dy = (1/41em) - Q/y2 [Coulomb field of a point charge Q]

[J Comparison with a Point Charge

The expression E = Q/(4remy?) is exactly Coulomb's law for a point charge Q at distance y. This confirms
that far from the rod (y >> L), the extended charge distribution appears as a point charge — a fundamental
result of electrostatics.

[J Change in Potential Energy — Proton fromy =2L toy = 6L
With L =0.06 m, a = L/2 =0.03 m, k = 8.988x10m N-m2/C2:

Aty =2L =0.12 m: V(a2+y?) = 0.12369 m

V(2L) = kA - In(0.15369 / 0.09369) = k - In(1.6405) = 0.01780 V

Aty = 6L = 0.36 m: V(az+y?) = 0.36124 m

V(6L) = kA - In(0.39124 / 0.33124) = K\ - In(1.1812) = 0.005979 V

AU = e - [V(6L) - V(2L)] = (1.602x10m 'm)(0.005979 — 0.01780)

AU = -1.893x10m21 J

The potential energy decreases — the proton moves in the direction of the electric force.

[ Proton Velocity at y = 6L (starting from rest aty = 2L)
By conservation of energy: ¥2m_p v2 = =AU = 1.893x10m 2 J

v=1v(2x 1.893x10m21/ 1.673x10m2m) = V(2.263x10m)

v = 1.505x103 m/s = 1.50 km/s

Summary — Exercise 10

O Q=AL=0.24pC
O E(y) = AL / [4TEm y V(y2+(L/2)?)] m

g V(y) = (W4atem) In[(L/2+R)/(R-L/2)], R=V((L/2)2+y?)



gd

ad

E = —-dV/dy confirms O O
y>>L: V = Q/(4temYy) [point charge]
y>>L: E = Q/(41eEm y2) [Coulomb law]
AU = -1.893x10m21 J

v =1.505%x103 m/s



Exercise 11

Electric Field of a Uniformly Charged Disk

Disk radius R = 2 cm = 0.02 m, surface charge density 0 = 6 uC/m2 = 6x10mm C/m2. Point M on the
z-axis at height z above the disk centre.

Take an annular ring at radius r with radial width dr. Its area element is dA = 27 dr. Hence:

dq=0dA =2mo r dr

Q=0 mm 277 dr = 2110 [r?/2]m m = TIOR?

Q=moR2=1rx (6x10mm) x (0.02)2=7.54 nC

Each ring is at distance m = V(r2+z2) from M. The field element magnitude:

dE = (1/41em) - dq / (r2+z2) = o r dr / [2em (r2+z2)]

For every area element at (r, ¢) there is a diametrically opposite element at (r, @+m). Their radial
(horizontal) field components are equal and opposite, so they cancel exactly. The z-components both point
in +z and add constructively. By full azimuthal (2r) symmetry, only the z-component survives. The
projection factor is cos 6 = z/V(r2+z32).

Em(M)=E_z(M)m

E z=(0z/2¢em) [mm rdr/ (r2+z2)\(3/2)

Using substitution u = r2+z2, du = 2r dr:

[mm rdr/ (r+z2)N3/2) = [-1V(r2+z2)|mm = 1/z - 1V(R2+22)

Em(2) = (0/2em) [1 - zZV(R%+Zz2)| m

Numerical check at z =R = 0.02 m:

E = (6x10mm)/(2x8.854x10m12) x (1 — 1/v2) = 9.93x10m V/m




V(z) = (0/2em) [mm 1 dr / V(r2+22) = (0/2em) [V(r2+z2)|mm

V(z) = (o/2em) (V(R2+22) - 2)

Verification: —dV/dz = (o/2em)(1 — zZW(R2+z2)) = E_z [

When R >> z: z/V(R%+z2) = z/R - 0, so the term in brackets approaches 1:

E_co = 0/2em = (6%10mm)/(2x8.854x10m12) = 3.39x10m V/m (uniform, z-independent)

This is the classic result for an infinite uniformly charged plane.

The plots below show E(z) (cyan) decreasing from o/2em toward zero, and V(z) (orange) decreasing
monotonically from its maximum at the disk surface.

Electric Field — Charged Disk Electric Potential — Charged Disk

£
=
=
=+
=
—
N
W

Om 0

3.39x10m 6782

R=2cm 1 9.93x10m 4777
2R=4cm 2 4.43x10m 3502
5R=10cm 5 1.37x10m 2198

o0 0 0 0



Exercise 12

Electric Dipole — Point-Dipole Approximation & External Field

Dipole: charges +q and —q separated by 2a, dipole moment p = 2qga. Polar coordinates (r, 8). Constant:
p/Atem = 0.02 V-m2.

The two charges are at +a from the origin. Their distances to P are r+ where r+2 = r2 + a2 m 2ar cosf. By
superposition:

V(P) = (q/41em) [1/rm — 1/rm]

Using the Taylor expansion (given hints) to first order in a/r:

1/rm = (1/r)(1 + (a/r)cosB) and 1/rm = (1/r)(1 — (a/r)cos8)

V = (g/41em)(1/r)[(1+(a/r)cosB) — (1-(a/r)cosb)] = (g/4Tem )(2a cosb/r?)

V(r,0) = (p/4Tem) - cosO/r2[p = 2q4a]

In polar coordinates, Em = —[1V. The two components are:

E_r=-0V/or = (p/ATem) - 2c0s0O / 13

E_6 =-(1/r)oV/06 = (p/4Tem) - SinB / 13

Em(r,0) = (p/41emr3) (2cosb rm + sind 6m)

The field line condition dr/(r d6) = E_r/E_B = 2c0s6/sinB gives:

dr/r = 2cot6 d6

Inr=2In(sinB) + C - r = A sin20

Boundary condition: at 6 = 1/2, r=rm m A = rm. Hence:

r=rm sin20

Each field line is characterised by its equatorial radius rm (the distance from the dipole where the line
crosses the perpendicular bisector).



[] Plots — Field Lines and Equipotentials

Gold curves: field lines r = rm sin20 for rm = 0.25, 0.5, 1.0, 2.0 m. Red: positive equipotentials (V > 0). Blue:
negative equipotentials (V < 0). Dashed white: V = 0 plane (6 = 172).

Dipole: Field Lines r= rysin? 6 & Equipotentials
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[1 Total Potential (Dipole + Uniform Field)

The uniform field Em along x contributes V_ext = ~Em x = —Em r cos (zero at origin). Adding the dipole
potential:

V(r,0) = (p/4Temr2) cosO — Em r cosO =cosO [ p/(4temr2) — Emr |

[J Equipotential Surface V=0



V = 0 either when cos6 = 0 (the equatorial plane 6 = 1/2), or when the bracket vanishes:

p/(4Temrm2) = Emrm - rm3=p/(4TEmER)

rm = [p/(4Tem Em)]"(1/3)

With p = (1/9)x10mm C:m, Em = 10m V/m, k = 9x10m N-m?/C2;

rm = [(10m1m/9)(9%x10m) / 10m|(1/3) = [10m m ]*(1/3)

rm =2.154x10m2 m = 2.15cm

The V = 0 surface is a sphere of radius rm = 2.15 cm centred on the dipole (plus the equatorial plane).
Inside this sphere the dipole field dominates; outside, the uniform field dominates.

[J Electric Field on the V =0 Equipotential

Compute Em = —[1V, giving components:

E r=cosO[2p/(4remrd) + Em Jand E_B =sinB [ p/(4Tem ) — Em |

On the sphere r = rm where p/(4Temrm3) = Em;

E_r|_{rm} = cos6 (2Em + Em) = 3Em cos6

E O {m}=sin0(Em —Em) =0

Em|_{V=0} = 3Em cosOrm

The field is purely radial on the equipotential sphere (E_6 = 0 is consistent with VV = const on that surface
() and has magnitude three times the applied field at the poles.

Summary — Exercise 12

Al V = (g/4Tem)(1/rm — 1/rm)

Al V(r,0) = (p/4Tem) cosb/r2

AC Em = (p/4Tem 13)(2c0sO rm + sinb Om)

Al Field lines: r = rm sin20

BO V = cosO[p/(4TEm12) — Emr]

BO V=0 sphere: rm = [p/(4Tem Em)]*(1/3) = 2.15 cm

B[ Em| _{V=0} = 3Em cosO rm []




