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Taylor Expansion & Limited Development

Correction

Part I: Direct Computation of Limited Developments

Exercise 1.1: Division According to Increasing Powers
Answer:
f(z)=—1—2% — 2% + o(z?)
Steps:
1422 = (=1)(=1+2°) + (2% + 2?)
2? + 2 = (—2?)(—1 + 2%) + 2% + 2P
23 = (—23) (=14 23) + 25
1+ a2 9

m:—l—x —$3+0(ZE3)

Exercise 1.2: Integration and Function Composition

Answer 1:

Answer 2:

Steps:
1

F@) =10

=1-2%+2"+o(z?)

3 5

f(x)Z/ox(l—t2+t4)dt=x—g+$5+o(a:5)

_ sin(z) -z
9(x) = arctan(z) — x
3 5
sin(z) —x = —% + f70 + o(z?)
3 ad 5
arctan(z) — x = -y + = + o(z”)




Exercise 1.3: Nested Composition and Algebraic Recentering
Answer:

.CU?’
hx) = 1— 2 4+ o(a”)

2
Steps:

h(z) = exp(sinz In(cos x))

2 4
0055’321—?%-%—%0(;55)

ln(l—l—u):u—u;:(_9522_1_326‘1)_;(_x;>2+0(x5):_$22_f;+0
sinx:xf+o(g;4)

3 2 4 3 5 5
sinz In(cosx) = (:L‘ - w6> <_x2 - alc2> —% - % + % + o(z®) = —% + o(z?)

Part II: Resolution of Indeterminate Limits

Exercise 2.1: Severe 0/0 Form

Answer:

1
2
Steps:

tanz — In(1 + x)
im
z—0 tanzln(l + x)
Denominator: (z + o(x))(z + o(x)) = 2°

3 z? x?
Numerator: |z + 5 +o(z?) | - [z - 5 +o(z?) | = 5 + o(z?)

%2 +o(x?) 1

lim 2 20
250 72 | o(z?) 2

Exercise 2.2: Nested Transcendental 0/0 Form

Answer:

Steps:
) esmz(l _ etanx—sm:r,‘)
lim -
z—0 sinx — tanx
tanx —sinx - 0asx — 0
1— etanx—sinx

= —(tanx — sinx) 4+ o(tan x — sin x)
lim SN —(tanz — sinx)
z—0

sinx —tanx z—0



Exercise 2.3: 1*° Indeterminate Form at Infinity

Answer:

Steps:

20 — 1
mgrfoo exp (2:1; In (293 n 1))
t= L —> lim exp <1 In (H>)
2x t—0+ t 1+t
t2 t2
In(1—t)—In(l1+1) = (—t -5 o(t2)> - <t -5+ 0(t2)> = —2t + o(t?)

, —2t + o(t?) i
| — | = —-92) =
A5, eXp( t w2 =

Exercise 2.4: Sub-dominant Asymptotic Behavior

Answer: .
2
Steps:
X 1:> li 1( (11(1+X)> >
= — 1Im — (ex — 1n — €
:c xoo+ X \ PP\ X
X2 X3
ln(1+X):X—7+?+0(X3)
1 X X2
—In(14+X)=1- "4+ 4 o(X?
(1 +X) 5ty o)
X X2 X X2
exp<1—2+3+0(X2)>:e-exp<—2+3>

2 2 2
e<1+<—§+)§>+;<—‘§> +0(X2)>=e<1—)2(+112§ +0(X2)>

1 X e
li — — e — = li _Z D) =-2=
11101+ (e e 5 + o(X) e) im ( 5 + of )) 5




Part 1II: Geometric Applications

Exercise 3.1: Complete Local and Asymptotic Study

Answers:

1. DL at 0: f(z) =2z — 323 4 o(23). Tangent (T) : y = 2z. Curve is above (T') for z < 0,
below for z > 0.

2. Asymptote: (A) : y = —2z. Curve is above (A) for x — +o0.
Steps:

1. Local Behavior:

ln(ili) = -2 (:r—l—f—i—o(x?’))

flz) = («* = 1) <—25'3 - 2§3 + 0(5133)) =2z — 22° + 2?;3 +o(2®) =2z — %:L‘B + o(z?)

4 4
o)y =t s ()

2. Asymptotic Behavior:
XZ% — f(z) = <X1,2—1>1n<§§:>
(i) =2 (“ et +o<X5>>
fla) = (1 ;(5(2) <—2X - 2)3(3 + O(X3)> = (;2 — 1) (—zx - 2)3(3 + 0(X3)>

2 2X 4 1
- i oX to(X) = 224 — -
X 3 + + o(X) x+3x+0(g;)

4
f(x)—y(A):3—x>0asx—>+oo

Exercise 3.2: Parameter Optimization

Answer: No exact solution exists for the algebraic form exactly as written. (If derived as a
standard Padé approximation g(z) = cosz — ﬁ—(lﬁ;’ a= —%, b= %)
Steps for given explicit function:

1 x4
g(x) = ((a — §)$2 + 21 + 0(:1:4)> (1-— bx? + o(xQ))
1 1 1
g(z) = (a— i)xQ + (24 — b(a — 2)) z* + o(z?)
1 1
a— 5 =0 = a= 3
i _ b(0) = i 20




Part IV: Combinatoric Symmetry (Bonus)

Exercise 4.1: The Odd Parity Shortcut

Answer: .
k(z) = —= + o(z")
30
Steps:
x5 2
A(x) =aresin [z - 2 42 -2
(z) = arcsin (:L‘ 3 + 5 -
x5 2 1 x3 2d 3 3 a3 >
A= [z + 2 2 V42 (o2 4 8 A P 2
(z) (x 575 7>+6<x 3+5> +40<$ 3>+112x
1 1 3 13
A@)ys = = 4+ ~(—1) + —(1) = —
(@)es = 5+ 5D+ 5 = 155

11 1 1\? 3 1 5 341
Al@ar = =7 15 (3 (5)+2(-5) ) #0((5)) * 112 = 5010

B(x) = arcta + il + 327 + gl
x)=arctan [ x + — + — + ——
6 40 112

T N Y P
6 40 112 3 6 40 5 6 7
B@M53_1€)+;D:ii
a0 )0
o) = o) = 560 = (5~ (3m) ) = 5007 = 50



